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1 INTRODUCTION 
The finite deformation or the large deflection problem is a kind of geometri­
cal ly nonlinear  problem that  is  well  known to engineers .  The term large def lect ion 
is somehow misleading since problems falling in this category need not have ac­
tual deformations which are large. In fact, they can be as small as those in linear 
cases. However, for the strain-displacement relationships to be accurate they must 
include the appropriate higher order nonlinear terms which are taken to be small 
and negligible in the linear theory. Nonlinear solid mechanics theory is certainly 
more complex than the corresponding linear theory. Consequently, the application 
of the nonlinear theory to physical problems can lead to complicated mathemati­
cal problems. In addition, analytic solutions are very limited for the geometrical 
nonlinear problems in solid mechanics [1]. 
At the present time, the finite element method (FEM) is a well known and often 
used technique that is capable of solving complex nonlinear problems. An initial 
paper treating geometric nonlinearities by this method is that of Turner et al. [2] 
in 1960. The method of the direct formulation of the stiffness matrix is extended 
to include the effect of large deflections. The force-deformation relations necessary 
for the step-by-step or iterative approach were derived. Further significant progress 
was made during the 1960s and 1970s by other investigators and the physics of this 
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class of problems and illustrative one-dimensional structural examples are available 
in the text of Oden [3]. Studies of plasticity and large deformation problems were 
done by Nayak [4] and Wood [5]. A general, unified discussion of the finite element 
method for geometric nonlinearities was presented by Carey in 1974 [6]. 
In the last two decades, the boundary element method (BEM-also called the 
boundary integral equation method) has been intensively developed and imple­
mented successfully in the analysis of a wide range of practical engineering problems. 
According to Banerjee and Butterfield [7], this method, in principle, can be applied 
to any problem for which the governing differential equation is either linear or incre­
mental linear. These include a broad range of physical problems, e.g., steady-state 
and transient potential flow [8,9], elastostatics [10], elastodynamics [11], elastoplas-
ticity [12,13], vibration [14], etc. Substantial applications and references can be 
found in several newly-published boundary element texts [7,15,16,17]. 
One major advantage of the boundary element method is the reduction of 
the dimensionality of the problems by one, i.e., for two-dimensional problems the 
method involves integral equations on the domain contour and for three-dimensional 
problems only two-dimensional surface integral equations are required. This leads 
to a smaller system of simultaneous equations than those that arise from the finite 
element method. Consequently, the computation time is reduced. 
The boundary element method was initially applied to linear problems and it 
has been shown that this method provides a very efficient way to obtain the nu­
merical solution. However, in order to qualify this method as a completely general 
problem-solving tool, it is essential to demonstrate that it is also applicable to non­
linear problems. Several nonlinear problems in solid mechanics have been attacked 
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by this method in recent years. The first publication on the subject of nonlinear 
material problems was due to Swedlow and Cruse [18]. Intensive studies of the 
problems of elastoplasticity and viscoplasticity by this method have been done by 
Mukherjee [17], Swedlow and Cruse [18], Kumar and Mukherjee [19], and Telles and 
Brebbia [20]. However, the applications of the BEM to other nonlinear problems 
are limited but several nonlinear applications are under investigation. 
The reason for the limited application of this method to nonlinear problems 
is that the domain integrals that arise from the nonlinearity cannot be converted 
to boundary integrals. For the geometrically nonlinear problems of elasticity, the 
boundary integral equation results in two additional domain integrals, whereas the 
linear formulation requires no integration over the domain. Evaluation of these 
domain integrals, which contain the deformation gradients and 2rtd Piola-KirchhofF 
stresses, requires a domain discretization and a differentiation, with respect to the 
spatial coordinates, of the displacement tensor. This produces kernels in the domain 
integrals of the nonlinear integral equation for the deformation gradients with a 
h ighe r  o rde r  s i ngu l a r i t y ;  t h e  o rde r  be ing  fo r  t he  t h r ee -d imens iona l  c a se  and  r~ ^  
for the two-dimensional case [21]. It was shown by Bui [22] that the differentiation 
and integration order cannot be interchanged, due to the higher order singularity 
of the kernel, and therefore the differentiation can not be directly carried out under 
the integral sign. The concept of convected differentiation of the singular integral 
required to derive a correct expression for the deformation gradients is illustrated 
and a lengthy formulation of the large deformation problems has been presented 
by Chen and Ji [21]. As indicated in their study, the integral which contains the 
higher order singularity needs to be carefully evaluated in a Cauchy principal value 
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sense. Numerical integration is difficult in dealing with this singularity. Therefore, 
an analytic [23] or special numerical [24] method is required to approximate this 
integral to provide accurate results. 
At the present time, only a few papers have been published which use the 
boundary element method for geometrically nonlinear problems. The first paper 
giving the derivation of boundary integral equation for geometrically nonlinear elas-
tostatics was by Novati and Brebbia [25] in 1982, but no numerical results were 
given. In 1984 and 1985, Chandra and Mukherjee presented a boundary element 
formulation for the finite deformation problem of viscoplasticity [23,26,27]. The for­
mulation is based on an updated Lagrangian approach and was applied to the study 
of sheet metal forming and metal extrusion. A similar discussion of axisymmetric 
problems was conducted by Rajiyah and Mukherjee [24] in 1987. Inelastic problems 
with small elastic, but large inelastic strains were investigated. In 1988, Aizawa and 
Kihara [28] presented a paper which outlines finite strain theory and a boundary 
element formulation, including both the geometric nonlinearity and elastoplastic 
behavior. Several numerical results were given, including a comparison of results 
for the differences of the models with and without consideration of geometric non-
linearity. However, no comparison of these solutions with either FEM or analytic 
solutions was provided. 
At the same time, another paper was contributed by Chen and Ji [21]. They 
analyzed the finite deformation problems by high order (quadratic) elements and 
cells for both plane stress and plane strain cases. Two numerical results, simple 
tension of a square plate and necking of a plate specimen, were presented in the 
paper. 
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The objective of this study is to propose a technique of coupling the boundary 
element method and a finite element-like interpolation scheme to solve the geo­
metrically nonlinear problem of elastic bodies. This is not a traditional domain or 
stiffness coupling as discussed by Brebbia et ai. [15] or Rudolphi [29]. Instead, a 
finite-element type of procedure is introduced to interpolate the domain variables -
deformation gradients and 2nd Piola-KirchhofF stresses - through the displacements 
only. Based on this technique, the domain integrals are performed as required by 
the boundary integral formulation, and hence the nonlinearity of the problem is 
included. Without differentiating the displacement directly from the boundary in­
tegral formulation, this technique successfully eliminates the integral with the higher 
order singularity. Consequently, the whole integration procedure is simplified and 
accurate integration is possible. 
In addition, it should be noted that an accurate calculation of the nodal dis­
placements which are very close to the boundary plays an important role in this 
technique when using the finite element interpolation scheme. As indicated by Shen 
and Xiao [30], it is difficult to calculate the internal displacement near the surface 
of the body accurately by the boundary element method. The reason is that the 
fundamental solutions in the integral formula contain singular factors of and 
r~^. As the distance r between the internal point and boundary element becomes 
small, the singular factor will negatively influence the numerical result. This makes 
the calculation of the displacements difficult. Along with the numerical calculation 
of interior displacements, a special treatment of this effect using an element subdi­
vision or sub-element technique has been devised herein and is shown to provide 
good accuracy. 
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Based on a total Lagrangian formulation for the nonlinear integral equation, 
the domain is discretized into a number of boundary elements and interior cells. As 
required by the boundary integral formulation, the integrals are performed and yield 
a system of nonlinear algebraic equations. These equations are linearized and solved 
by an iteration procedure with a relaxation parameter. Only the nonlinear load 
vector, due to the domain integrals, needs to be updated at each iteration. By not 
reforming the influence coefficient matrix of the system equations, the computation 
time is reduced. The iteration process is terminated when a convergence criterion 
is satisfied. 
Several example problems are performed by the proposed technique and the 
results are compared with FEM and analytic solutions where available. Through 
these comparisons, the applicability of this technique is confirmed. 
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2 BOUNDARY INTEGRAL FORMULATION FOR 
GEOMETRICALLY NONLINEAR ELASTOSTATICS 
2.1 Finite Strains and Deformations 
When the displacement-gradient components are not small compared to unity, 
two different kinds of finite-strain definitions in solid mechanics are commonly used; 
one in terms of the undeformed configuration X and another in terms of the de­
formed configuration x. The formulation in terms of the undeformed configuration 
is referred to as the Lagrangian (or material) formulation, while that in terms of the 
deformed configuration is called the Eulerian (or spatial) formulation [31,32,33]. For 
the analysis of problems of elasticity, a Lagrangian formulation represents a more 
natural and effective approach than the Eulerian, since in elasticity there usually 
exists a natural or undeformed state to which the body returns when unloaded. 
Therefore, it is more intuitive to follow all particles of the body in motion from 
their original to their final equilibrium configuration. The Eulerian formulation is 
usually used in the analysis of fluid problems where attention is focused on the 
motion of the material through a stationary control volume. The difference of these 
two formulations will be described in the following with reference to a stationary 
Cartesian coordinate system shown in Figure 2.1. 
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Initial undeformed configuration 
dS 
Deformed configuration 
Figure 2.1: Configurations of a body in a stationary Cartesian coordinate system 
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The Lagrangian formulation describes the position of a particle at time t  as 
(2.1) 
or 
x = x{X,t)  (2.2) 
where are the coordinates of the particle at its initial, undeformed 
configuration. Inversely, the Eulerian formulation gives the initial position of the 
particle as a function of the (®i,-r2''^3) spatial coordinates at time t as 
(2.3) 
or 
X^X{x , t )  (2 .4 )  
The coordinates and refer to the Cartesian coordinates as shown in Fig­
ure 2.1. 
The displacement components Uj are defined by 
U j = XI - Xi (2.5) 
Differentiation of the above equations (2.2) and (2.4) provides 
* (2.6) 
(2-Î) 
and the coefficients and are called the deformation gradient tensors. They 
represent the components of the Jacobian matrix or tensor of the transformations 
be tween  t he  two  coo rd i na t e s  x i  an d  X j .  
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We now adopt the Lagrangian description and express the squared differential 
of length {ds)"^ in the final configuration in terms of the undeformed length as 
(ds)^ = dxj^dx^ = C'ljdXidXj (2.8) 
l  t  The coefficients C^j = are called the components of Green's deformation 
'  I ' J  
tensor. Also, the squared differential of length of the original configuration is, 
(rfS)2 = dXidXi = ôijdXidXj (2.9) 
where Sij is the Kronecker delta. Therefore, the change of the squared differential 
of length in terms of the material components is, 
(rf5)2 - {dsf = {C'ij - 6ij)dXidXj = 2EijdXidXj (2.10) 
where Eij = \{Cij - S^j) = ~ ^ij) called the components of the 
Green-Lagrange strain tensor. 
In terms of the derivatives of the displacement components as defined through 
equation (2.5) , one can write 
% = # + # = % . (2-") 
Then substitution of this result into the strain definition above, the Green-Lagrange 
strain tensor can be expressed in terms of the displacements as 
Eij  = 2%: + " ''Ù'I 
= - 'ijl 
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Similarly, the Eulerian strain tensor can be obtained as 
% = + 
It should be noted here Ej^j % eij if the displacement gradients are small compared 
to unity. 
The Lagrangian stress tensor Sp- (sometimes called the Is# Piola-Kirchhoff 
stress tensor) used in Lagrangian description is a pseudo-stress measure relative to 
the undeformed configuration. This stress tensor has no direct physical meaning but 
is related to the physical Cauchy stress tensor crj^j through the following definition, 
4 = yg't, (2-14) 
where pQ and p are the densities in the undeformed and deformed configurations, 
respectively. The mass density ratio in the above equation can be evaluated since, 
if the the mass of an infinitesimal volume dV is conserved, one must have 
pQdV = pdv (2.15) 
or 
f  ^ 
where V and v are the volumes in the undeformed and deformed configuration, 
respectively. 
Note that the Lagrangian stress tensor Sp- is generally not symmetric since the 
d X '  deformation tensor is not symmetric. Consequently, this stress measure is not 
used with the symmetric strain tensor Eij since the constitutive equations would 
be awkward. An alternative measure of stress, the 2nd Piola-Kirchhoff stress Sij is 
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symmetric whenever the Cauchy stress tensor (T^j is symmetric and is preferred and 
employed in the formulation of finite-deformation elasticity even though it leads to 
a more complex form for the equations of equilibrium. It is defined by 
(2.1T) 
The inverse relationships to the equations (2.14) and (2.17) are 
- £.M.qL <^ij  = % (2.18) 
and 
'U = (2.19) 
From the equations above, one can see the actual stresses cr^j are not only func­
tions of the pseudo-stresses but also of the deformation gradients The 
Lagrangian and 2nd Piola-Kirchhoff stress tensors are related through the equation 
r  dx j  
(2.20) 
The equilibrium equations for the undeformed body in terms of the Lagrangian 
stress tensor can be written as [31] 
asfi  
g ] t+ fo f i=0  (2 .21 )  
where are the body force components per unit mass. Under finite deforma­
tion, the constitute law relating stresses and strains of an elastic body, relative to 
undeformed configuration (Qo^^q), can be written as 
^i j  = ^ ' i jk l^kl  (2.22) 
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in which is a fourth-order isotropic tensor of the elastic constants. In its 
most general form for anisotropic and elastic material, there are 21 independent 
constants in the tensor For an isotropic elastic material, this constitute law 
can be expressed alternatively by the Hooke's law as 
% = ^ ^kk^i j  + (2.23) 
where A and ^ are Lame's constants. 
2.2 Integral Formulation of the Geometrically Nonlinear Problem 
An integral equation for geometrically nonlinear problems can be derived from 
the Betti-Rayleigh reciprocal work theorem, which relates two equilibrium states of 
a body (fÎQ&n). Let it*, /*, £* and <t* be the fundamental solution components of 
displacements, tractions, strains and stresses due to a concentrated unit load at ^ 
as obtained from small strain theory such that displacements and tractions can be 
written in the form 
(2.24) 
in which are the components of a unit vector in the load direction. The funda­
mental solutions and T^k(—^î) represent the displacement and traction at 
X in the (-direction due to a unit load at ^ in the fc-direction. For a two-dimensional 
plane-strain case, they can be expressed as [15] 
= 8»r(l - - i-WAr) + ~ " ^ ''h (2.25) 
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+ (1 - 2^)[(l^L2Ah& _ (-^fc -^fcKjj. (2.26) 
r T 
where r — r(X,^) is the distance between the load point ^ and the field point JC, 
7?j is the outward normal to the surface of the body and G and u are material 
constants. 
Assume the original body (rig&rQ) has deformed to its equilibrium state (fi&F) 
and denote the current displacements, strains and stresses by u, s and <t. Then for 
the two equilibrium states, one can write, 
= ^ f i jkl^i j  = 4l^ 'kl i j^ i j  = 4l^kl  (2.27) 
where Eij is the Greer: Lagrange strain tensor and Sf^i is the 2nd Piola-KirchhofF 
stress tensor. The above equation is the local form of the Betti-Rayleigh reciprocal 
work theorem and can be rewritten as 
= 4j^i j  (2.28) 
By integration over the whole domain (Iq , a global form of the Betti-Rayleigh 
theorem can be obtained as 
/no = /no (2-29) 
Referring to equation (2.12), the Green-Lagrange strain tensor is split into two 
parts, 
y 2 * dXj a.ï; a.Y,- dXj ' 
= ^ij  + Vij  (2.30) 
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where e^j — ^ij ~ i^k,j) represent the linear and nonlinear 
part of the strain tensor, respectively. Thus, the left-hand-side of equation (2.29) 
can be written as 
/f!o = /no + /f!o (2-31) 
Then the divergence theorem is applied to the first term of the right-hand-side of 
the above equation, which with the fundamental solution of equation (2.24) gives 
Iqq + /p^  (2-32) 
By substituting equation (2.5) into equation (2.20), the Lagrangian stress com­
ponents Sj"- can be expressed in terms of the 2nd Piola-KirchhofF stress components 
Sji by 
= 
du * 
= (2.33) 
The above equation can be rearranged, by the symmetric property of the 2nd Piola-
KirchhofF stress tensor, to give 
du* 
Then substituting e*j = q  ^  the above equation into the right-hand-side of 
equation (2.29), one has 
/no = /„^  (2-33) 
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By employing the divergence theorem again to the first term of the expanded 
right-hand-side of the above equation and applying the equilibrium equation (2.21), 
the following relationship can be derived: 
= upf-dT^ (2.36) 
where the Nj are the direction cosines of the normal of the undeformed surface 
with respect to Xj axis, and are the surface traction components corresponding 
to Lagrangian stresses Sj- = 5^iVj). From equation (2.32) and (2.36), the 
integral equation (2.29) can be written as 
0 + u*pQFidÇîQ + ^pfdrQ 
f duf  du: 
- /n„ 
This interior integral relationship was first derived and published by Novati and 
Brebbia [25] in 1982. It was indicated that this equation holds for every equilibrium 
state, irrespective of how large the strains and displacements are. However, in their 
work no numerical results based upon this formulation were given. For the numerical 
analysis herein, this equation is rearranged to a more convenient form as 
= /j,^  p(x)Fi(x)Uik{K,i) ' i»o(ri  + / UiklK,iMX)dro(x)  
- /jj^ Ui,,j{X,i)Sj,{S.)ui/X)dSlo{X) (2.38) 
where is the displacement vector, is the traction vector on the boundary, 
ui j-is the deformation gradient tensor and Sjj represents the 2nd Piola-KirchhofF 
17 
stress tensor. The fundamental solutions of stress f and the derivative of Uj^f^ in 
two-dimensional problems are given by 
r 
r3 (2.39) 
^ hji-^k -  ^k)  + -  U) 
r 
2(Xi - i i tXj  -  -  if . )  
r3 (2.40) 
It should be noted that all the parameters in the above equation are referred 
to the undeformed configuration as derived from a total Lagrangian approach. In 
comparison with the linear formulation, this equation requires two additional do­
main integrals to account for nonlinear geometric terms. The evaluation of these 
two integrals complicates the solution procedure and requires an iterative approach. 
Perhaps the obvious and direct way to determine the domain variables is to 
differentiate the displacement formula of equation (2.38) to obtain its deformation 
gradients. Then the calculations of the Green-Lagrange strain and the 2nd Piola-
Kirchhoff stress follow from equation (2.12) and (2.22). As mentioned previously, 
this introduces higher order singularities in the kernels and make it difficult to in­
tegrate numerically [21]. In addition, the evaluations of the domain deformation 
gradients and stresses on each integration point need to be performed at each it­
eration. Obviously, this will consume a great amount of computation time. To 
simplify the computations, a constant element (constant strain and stress) was 
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used by several researchers [13,27,28]. Because a coarse discretization of this type 
cannot approximate rapid changes in the domain nonlinearities, a fine interior cell 
discretization would be required to achieve accurate results. 
This research departs from this approach and, as an alternative to the di­
rect calculation of the interior deformation gradients and stresses, the central idea 
of this thesis is to determine the domain variables through a finite element type 
of interpolation. This proposed method avoids the requirement of the analytical 
differentiation and results in an easy and efficient way for obtaining the interior 
variables. The numerical expressions and implementations of this method will be 
described in the following chapter in detail. 
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3 NUMERICAL IMPLEMENTATION 
Since a closed form solution to equation (2.38) is impossible except for cases of 
simple geometry and loading conditions, a numerical solution procedure is required. 
This chapter develops the boundary element method (BEM) or algorithm whereby 
equation (2.38) can be solved numerically. Treatment of the boundary terms follows 
the usual process in the BEM for the analysis for linear elasticity while the inte­
gration of the domain terms and the calculation of the nodal displacements close 
to the boundary is discussed in detail. Emphasis will also be placed on the use of 
isoparametric elements and the iteration procedure. Only two-dimensional planar 
problems were considered here and the body force term is neglected for simplicity. 
However, body forces can be included without difficulty, either by the Galerkin 
vector corresponding to the Kelvin fundamental solution [34] or by the domain 
integration technique proposed herein. 
Due to the nonlinearity of the problem, domain discretization is required. This 
is done by dividing the domain into generalized triangular cells. The discretization 
of the boundary integrals has been thoroughly discussed by several investigators 
[7,10,15,17]. Consequently, emphasis will be given to the domain integrals which 
determine the nonlinear part of the problem. Note that two nonlinear domain terms 
of equation (2.38) need to be considered in the numerical integration procedure. 
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This leads to an additional force-like term to the linear system of equations. 
3.1 Discretization and Interpolation Functions 
Based on the total Lagrangian formulation derived in the previous chapter, the 
domain of interest is discretized (Figure 3.1) into a number of boundary segments 
and interior cells, i.e., r^ ,m = 1,2, ...,NSE and Hg ,n = 1,2,..., NIC. A discrete 
number of nodal points are established to define this discretization. The standard 
isoparametric representation for the boundary segments and interior cells is chosen 
for this purpose. By the isoparametric approach, the element displacements are 
interpolated by the same polynomial functions as the geometry. Quadratic shape 
functions are used for the boundary segments and interior cells. Therefore, on 
each boundary segment, the displacements and tractions are interpolated by a one-
dimensional quadratic shape functions which are defined by n = 3 segment 
nodes and have the following form (Figure 3.2); 
^2 ~ ~ ^0(1 + '®) 
where the local coordinate s ranges from -1 to 1. 
On each interior cell, the displacements are interpolated by a two-dimensional 
quadratic shape function which is defined by a 6-node triangle element (Fig­
ure 3.3). The shape functions H_^ have the following definition; 
= (1 — 3 — f)(l — 25 — 2t)  
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Figure 3.1: Discretization of the domain and the boundary 
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Figure 3.2: One-dimensional interpolation functions used for boundary segments 
t  
Figure 3.3; Master element of a six-node triangular cell 
23 
^2 — a(26 — 1) 
= t(2t-l)  
= 4s(l — s — t )  
= 46^ 
Hq  = 4f(l — s — t )  
in which the local coordinates, s and t ,  are dimensionless and range from 0 to 
1, These quadratic interpolation functions are chosen for two reasons. First, the 
geometric approximation error will decrease if the actual region of interest has 
curved boundaries. Secondly, consistency is preserved between the domain and 
boundary variables. The triangular domain cell is chosen because the singular 
integration can be easily handled by the Gauss-Legendre quadrature formula [35). 
The values of ui and at any point on a boundary segment can be ap­
proximated in terms of their nodal values and the shape function by 
, , 
"i « z j=i 
3=1 
Hence, the discretized boundary integral equation (2.38) can be expressed as 
VSE . , , 
m=l 
NIC .  
n=l 
+ (3.1) 
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In the above equation, the coefficient represents the contributions of the 
S~-
singular effect of Uj- at Hence, on smooth surfaces Fg; Cij{Q = 
if ^ is in the domain ÎÎq. In case ^ is at a corner point, a closed form expression 
is provided by Hartmann [36]. However, for practical purposes, it can be indirectly 
computed by imposing a rigid-body motion onto equation (3.1). 
It is observed that the deformation gradients determine all the nonlinear 
terms of the present formulation. Knowing the deformation gradients, the Green-
Lagrange strain tensor including tjij are determined by equation (2.30) and the 
2nd Piola-KirchhofF stress tensor Sjj is given by the constitutive equation (2.22). 
To determine the deformation gradients, the interpolation procedure from finite 
element analysis [6] is adopted to approximate ^ from the displacements through 
the shape functions as 
nc 
" i jW == Z «h4i (3-2) 
fc=l 
where nc = 6 for a 6-node triangular cell. Subsequently, and can be de­
termined. This process eliminates the calculation of the displacement gradients 
through the derivatives of the interior integral representation of equation (2.38). 
Only the interior nodal displacements need to be calculated. 
3.2 Integration Procedures 
3.2.1 Integration of the boundary terms 
Integrations of the boundary terms (r^,m = 1,2, . . . ,NSE)  of equation (3.1) 
are treated by the regular boundary element method. A detailed discussion can be 
found in several BEM texts (e.g., Banerjee and Butterfield [7] and Brebbia et al. 
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[15]). After discretization of the domain and the boundary, the standard procedure 
can be summarized as follows: 
1. By the method of collocation, the discretized equation (3.1) is evaluated at 
each boundary node. 
2. Integration over each boundary element is preformed by a numerical quadra­
ture. 
3. Imposition of the boundary conditions of the problem provides a system of N 
linear equations for N unknown boundary variables. 
3.2.2 Integration of the domain terms 
The domain integrals, which contain the deformation gradients and 2nd Piola-
Kirchhoff stresses, are the source of the nonlinear part of the problem. Attention 
here is focused on the singular effects of the kernels. From a numerical point of 
view, these integrals can be categorized into two cases, depending on whether the 
collocation point ^ is not or is on the triangle to be integrated (Figure 3.4). The first 
case is when the collocation point is away from the integration triangle and is treated 
by regular numerical integration. The second case, when the collocation point is on 
the triangle, results in a singular integration due to the in the kernels. However, 
this singularity can be removed by transforming the local Cartesian coordinates into 
a local polar coordinate system. A Gauss-Legendre quadrature formula can then 
be used to integrate over the triangle. 
3.2.2.1 Regular integration of the domain terms Since in this 
case the collocation point is away from the integration triangle, the kernels in the 
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domain integreds will not become singular. These integrals can be treated by a 
regular Gaussian quadrature integration scheme [35]. In reference to Figure 3.5, 
the regular domain (0^) is transformed to a master triangle {MEJ) by 
IR = I^KX,Y)dSl{,  
= j F { 3 , t ) d e t [ J ( s , t ) \ d a d t  (3.3) 
where J{s, t)  is the Jacobian of the transformation and can be expressed as 
j (sj)  — 
'dx a v i  
w 
dX dY 
(3.4) 
Since F{3, t )  is nonsingular, one can approximate this integral by a Gaussian quadra­
ture rule as 
% S WiF{3i,ti)dei[J{3i,t^)] (3.5) 
( = 1  
where and ti denote the quadrature points on the master triangle and Wi is the 
corresponding quadrature weights. Note that n is the number of the quadrature 
points and the corresponding quadrature information for the case of n = 7 is pro­
vided in Figure 3.6. Gaussian quadrature rules such as that above are a popular 
integration scheme in the finite element and boundary element analysis and is, in 
general, very efficient for numerical integration. 
3.2.2.2 Singular integration of the domain terms I  g For the case 
when the collocation point is on the triangle of integration, F(a, f) has a sin-
f 
(Regular integration case) (Singular Integration case) 
Figure 3.4: Regular and singular integration cases on a triangle cell 
t  
3 
X 
Figure 3.5: Transformation of a triangular domain to a master element 
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Figure 3.6: Symmetric quadrature nodes and weights on the master triangular 
element 
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Figure 3.7: Polar coordinates (/), o) for the master triangular element 
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gularity in the kernel. If the collocation point is located at the vertex of the master 
element, one can remove the singularity by changing the variables in the mas­
ter element (j,Z) into a polar-coordinate system {p,4') as shown in Figure 3.7. The 
transformation is, 
p = 
(j) = tan~^{t/s)  
so that 
Is  = F{s^t)det[J{s, i) \dsdt 
= F*{p,(i>)det[J*{p,4>)]pdpd(i)  (3.6) 
where 
1 
Pu — ' \  • ± cos<p + sincp 
Note that the p~^ singularity in F*{p,4>) is multiplied by the transformed differ­
ential area pdpdé. As a consequence, the p~^ singularity is removed. The integral 
is then regular and can be approximated by Gauss-Legendre quadrature as 
Is  = F*{p,(l>)dei[J*{p,4>)]pdpd(f> 
^ i=l ^ ;=1 
where pu = Pu{<i>i) as defined above. 
If the collocation point is located at one of the mid-side nodes (node 4, 5 and 
6), an easy way to evaluate this integral is to subdivide the original triangle into 
two smaller triangles (Figure 3.8), and then apply the same procedure described 
above to carry out the integration. 
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Figure 3.8: Subdivision of the master triangular element into two triangular ele­
ments 
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3.3 Sub-element Technique to Calculate the Displacements of Interior 
Nodes Near the Boundary 
The determination of the domain terms of equation (3.1) requires the evalua­
tion of all the interior displacements at all nodes and contain boundary integrals 
with singularities of ln{r) and It is observed that if the distance r between the 
interior node and the boundary segment to be integrated is small, the near singu­
larity has a detrimental effect on the numerical results [30]. This effect is sometimes 
referred as the boundary-layer type of behavior and is always present in the nu­
merical evaluation of the interior displacements and stresses near the boundary. 
Without an accurate calculation of these interior displacements, the interpolation 
for the domain deformation gradients, the interior strains and stresses will be in 
error. Therefore, these near singular integrals need to be evaluated properly such 
that an accurate nodal displacement is obtained. Note that one can minimize this 
effect by choosing the interior nodes as far away from the boundary as possible. 
However, in the application of the proposed BEM technique, a discretization of 
cells with nodes close to the boundary is always required. In addition, this tech­
nique is implemented for two reasons. First, a BEM program should be general 
enough to accurately calculate the interior displacements no matter how close the 
nodes are to the boundary. Secondly, if error due to the boundary-layer effect is 
propagated into the nonlinear terms, the effect can be so significant as to prevent 
convergence of the iterative process of solution. 
One way to accurately integrate the interior displacements near the boundary 
is to increase the quadrature order on the nearby boundary segments. A Gaussian 
quadrature order of up to NQP = 128 was tried and a convergence experiment was 
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conducted. The results revealed that the accuracy of the integration can be im­
proved slightly, depending on the distance of the evaluation point to the integration 
segment. However, for computational efficiency, this method is not adopted. It is 
desirable to keep the number of Gaussian points small and yet obtain an adequate 
precision for the integration. An alternate method of doing this was proposed by 
Liu et al. [37]. It requires a subdivision of the original boundary segment into a 
number of sub-elements. A similar treatment by using a sub-element concept was 
investigated here and is developed in the following sections. An example comparing 
the two techniques will be illustrated. 
3.3.1 Calculation of the shortest distance between a collocation point 
and a small-curvature boundary segment 
As indicated previously, the singular effect due to plays an important role 
in accurate calculation of the interior displacement. The following discussion focuses 
on how to calculate this distance r and how to subdivide, accordingly, the original 
boundary segment. It is pointed out that this discussion is restricted to boundary 
segments with small-curvature. 
Referring to a geometric representation in Figure 3.9, the calculation of the 
distance r depends upon the location of point P on the boundary which is closest 
to the collocation point C. This can be done through the geometric relationship 
of these two points. As shown in the figure, the local coordinate of the point P is 
defined ass( —l<s<l); hence, P is a function of s. The tangent vector at point 
P along the segment is  shown as T{s) and the direction vector between points C 
and P is given as R{s). For segments with small curvature and for interior points 
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Figure 3.9: An interior collocation point C and a boundary segment with small 
curvature 
near the segment, the orthogonality relation 
5 • f = 0 (3.8) 
defines a nonlinear equation of the local coordinate a and the point P{s) which 
is closest to the interior point. An iterative SECANT method [38] is employed 
.efficiently to find the solution of s with the imposed constraint -1 < a < 1. Con­
vergence is usually reached after three or four iterations. 
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3.3.2 Sub-element integration technique 
After the point P and the shortest distance r (r = |^|) is obtained, the appro­
priate amount of subdivision of the integration element can be determined. Numer­
ical experiments were performed to determine the number of the Gaussian quadra­
ture points [NQP) to be used for each segment or sub-element with NQP limited 
to 10. According to this limitation and the ratio between the calculated distance 
and the length of the boundary segment ( j), zones of severity were established and 
categorized according to the Layers 1 and 2 of Figure 3.10. 
As shown in the Figure, Layer 1 is the least severe case with ^ < 1. Gaussian 
integration with NQP = 10 is sufficient to obtain an accurate result in this Layer. 
Layer 2 is a more severe case with £ < 0.45. Here, the original boundary segment is 
divided into a number of sub-elements. A general criterion used for this subdivision 
is shown in Figure 3.11, where the length of the sub-element is a function of the 
distance r. It should be pointed out that the subdivision criterion is based on exten­
sive numerical experiments with a maximum NQP = 10 for each sub-element. The 
procedure to examine the level of severity and, if required, subdivide the boundary 
segment as described by the above algorithm was included with the calculation of 
the interior nodal displacements. 
3.3.3 A comparison for the displacements calculated with and without 
using the sub-element integration scheme 
To demonstrate the effect of the near singularity and the accuracy of the subdi­
vision technique, the displacement filed is determined at interior points of a 4in x 4»? 
plate in uniaxial tension. The discretization consists 16 boundary nodes and 8 
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Figure 3.10: Layers of singular severity for various ranges of r/£ 
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Figure 3.11: The criterion for subdivision of a boundary segment 
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a4mX4m plate E = l.Opaz i/= 0.3 
Locations of the points 
to be calculated 
Figure 3.12: Uniaxial tension of a square plate 
boundary segments with the material properties as shown in Figure 3.12. The 
X—coordinates of the interior points where the displacements are calculated ranges 
from 3.5 to 3.99 while the Y—coordinate is fixed at a constant of 3.0. Numerical 
results are shown in Figure 3.13 and, as may be seen, indicate that an excellent 
displacement value is determined by the subdivision scheme, whereas the conven­
tional method, with quadrature order NQP = 10, fails as the interior point is close 
to the boundary. In the nonlinear problems that follow, this subdivision technique 
is used, when required, in the interior displacement calculations that determine the 
domain variables. 
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Figure 3.13: Interior displacement with and without element subdivision 
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3.4 Iterative Solution Algorithm 
The basic approach to the solution of a nonlinear problem is to find the equi­
librium configuration of a body subject to external loads. Unlike the linear problem 
where the deformation and stress are linearly related to the applied load, the pres­
ence of the geometrically nonlinear strains, deformation gradients and 2nd Piola-
KirchhofF stresses in the domain integrals of equation (3.1) require an iteration 
procedure. 
3.4.1 Iteration procedure and relaxation scheme 
In general, a nonlinear solution procedure starts with a linear, approximate 
solution of the problem and then an iteration process proceeds until a convergent 
criterion is satisfied. Hence, a linear solution of the equation (3.1) is first calcu­
lated by taking the domain integrals to be zero. The linear system of equations is 
expressed in a matrix form as 
(r|{«}o = [f'l{(}0 (3-9) 
With the imposition of the actual boundary conditions, this system forms a basic 
starting solution for the iteration process. The linear displacements of all interior 
nodes are calculated without considering the two domain integrals. The interior 
displacements are then determined from the approximate boundary solution and 
through the interpolation process of equation (3.2) the deformation gradients Uf^ 
nonlinear strains and 2nd Piola-Kirchhoff stresses Sij in each cell [6] are deter­
mined. Subsequently, the two nonlinear domain integrals containing the contribu­
tions of the nonlinearities are then calculated and included as a forcing vector {/}o-
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Iteration then commences. 
The forcing vector, which contains all the nonlinearities of the problem, is 
updated at each iteration and incorporated into the right-hand side of the system 
of equations as follows: 
|r|o(«} = + {/}o (310) 
With {/}o obtained from the linear solution, one can then proceed with the cal­
culation of the unknown quantities of {u} and {t} at the iteration step i = 1. In 
general, the iteration process takes the form of the recurrence relation 
= + {/};-! (3.11) 
The iteration number i  starts with 1 and ends when a specified convergence require­
ments for the equilibrium configuration is reached. 
An important observation is that the coefficient matrices [T] and [[/] are con­
stant throughout the iteration process. In comparison with the updated Lagrangian 
approach, where [T] and [U] need to be updated at each iteration, this may save 
some computation time. In addition, it should be noted that the interior nodal dis­
placements, as calculated from equation (3.1), are based on the boundary solutions 
at current iteration and the domain variables at previous step. 
To solve equation (3.11), the system of linear equations is rearranged to 
[^]{a:}j = {b}i_i (3.12) 
where {z} is an unknown vector, [-4] is a constant influence coefficient matrix and 
{6} is a global forcing vector containing the known boundary variables and calcu­
lated nonlinear domain terms. A direct solution by Gaussian elimination is used to 
solve the algebraic equations. 
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Several iterative schemes for the solution of nonlinear equations have been in­
troduced by Gerald and Wheatley [38]. Unlike the Newton-Raphson scheme used in 
the finite element analysis [39], where the tangent stiffness matrix may be updated 
at each iteration, a relaxation scheme is appropriate in the boundary element, total 
Lagrangian approach [40] because the influence coefficient matrix [A] of the equa­
tion remains unchanged throughout the iteration process. In fact, the only change 
in each iteration is the forcing vector {/}. Numerical experiments indicate that 
an under-relaxation method provides satisfactory results for many problems, but 
the relaxation factor may depend upon the degree of nonlinearity. The relaxation 
method for the relaxed vector can be expressed as 
= (1 - 4- (3.13) 
where a is a relaxation factor usually specified between 0 and 1. A relaxed solution 
is thus determined by two previous solutions. The choice of the relaxation factor a 
may depend on the degree of nonlinearity of the problem. As a rule of thumb, the 
more nonlinear the problem, the larger a should be chosen. 
3.4.2 Summary of numerical procedure and flow chart 
The BEM formulation and algorithm described in this chapter have been im­
plemented in a computer program LE2D. This program contains about 2250 FOR­
TRAN statements and 25 subroutines. The flow process of this program can be 
summarized as follows; 
1. Solve the linear solution {®}o for a given load. 
2. Store the influence coeflficient matrix [A] and boundary load vector {6}o-
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3. Compute the domain variables and update the nonlinear load {/}. 
4. Retrieve [A], update {b} and solve the system equations. 
5. Check convergence for the equilibrium iterations. If convergence is reached, 
then stop; otherwise, use relaxation method to determine a new solutions and 
then go to step 3. 
The flow chart of this program is shown in Figure 3.14. 
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Figure 3.14: Flow chart of the computer program 
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4 TEST PROBLEMS AND NUMERICAL RESULTS 
To verify the program and to assess its accuracy, the following problems were 
modelled and solved by the algorithm and BEM program described. Results are 
compared with analytic and FEM solutions. 
1. Stretching of a one-dimensional rubber element, 
2. Uniaxial tension of à rubber sheet (plane-stress), 
3. Expansion of a thick-wall cylinder due to an internal pressure, 
4. Uniaxial tension of a square with a central hole (plane-strain), 
5. Bending of a cantilever beam with a uniformly distributed load. 
The finite element program used for the comparison was ADINA [41]. The same 
discretization is used in both methods except the cases of uniaxial tension of a 
square with a central hole and bending of a cantilever beam. All the computations 
were performed on a VAX 11/780 in single precision. 
In all the numerical examples, the boundary integral equation appearing in 
equation (3.1) is approximated by discretizing the boundary Fg into 3-node quadratic 
segments and the domain fig into 6-node triangular cells. Numerical quadrature 
orders of 7 and 9 are used for the 6-node triangular and 8-node quadrilateral fi­
nite elements. For the BEM calculations, a quadrature order of 5 was used on the 
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quadratic boundary elements, 7 on the interior cells for the regular cases and a 5 x 5 
formula for the singular cases. A relaxation factor of 0.5 < a < 0.9 was used in all 
cases and in all problems considered, results presented are those obtained from a 
thorough convergence study. The displacement configuration is considered as a con­
vergence criterion for each equilibrium iteration. This requires the displacements 
at the end of each iteration to be within a certain tolerance of the displacements 
in previous iteration. Hence, the BEM is based on a realistic convergence criterion 
where a displacement tolerance is specified as 8.0 x 10~^. Another type of conver­
gent criterion based on the out-of-balance load is used for the F EM solutions from 
ADINA. The f 2 norm of the out-of-balance vector is specified to be within 10""® 
for the FEM analysis. A detailed discussion of this criterion can be found in Bathe 
[39]. 
4.1 Stretching of a One-dimensional Rubber Element 
Rubber is a material that is capable of remaining elastic when subjected to 
large deformations. As a first example, consider a simple one-dimensional case of 
the large deformation problem of stretching of a one-dimensional rubber element 
(Figure 4.1). The analytic solution for this problem can be found in Murnaghan [1] 
and can be obtained by direct integration. 
This one-dimensional problem can be simulated with the two-dimensional pro­
gram by specifying Poisson's ratio 1/ = 0. Elimination of the Poisson effect reduces 
the problem to a  one-dimensional case.  Young's modulus is  taken to be E = l .Opsi  
and the cross section of area A = l.Oin^ while the length modelled is £ = l.Oin. 
The solution was determined for various values of the stretching load P, from 0.25/6 
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to 2.5/6. Note that, in the BEM calculations, all of these forces are applied in a one-
step loading case, whereas for the FEM calculations, an increment of AP = 0.25/6 
must be applied in a load sequence up the final load, since the solution fails to con­
verge after P = 0.75/6 in a one-step loading case. The numerical analysis is carried 
out in 10 loading steps and ends with a 90.4 percent elongational strain. 
A comparison of the resulting displacements are shown in Table 4.1 and Fig­
ure 4.2. The BEM and FEM solutions are seen to agree well with the analytic 
solution. Both are almost identical up to the fourth digit as shown in Figure 4.2. 
The CPU time used for this example is provided in Table 4.2. Note that the CPU 
time may vary with the chosen value of the relaxation factor a in BEM solutions 
and different incremental load AP in FEM solutions. 
It is interesting to note the difference between the linear and the nonlinear 
solutions after the first iteration as shown in Figure 4.3. Observed that the difference 
between the first iterative solution progressively increases with the external load. 
As a consequence, the choice of the relaxation factor a is important. An example 
of the solutions at each iteration for different choices of a is shown in Figure 4.4. 
For this example, a = 0.60 appears to be the best choice to produce the fastest rate 
of convergence. Note also that the sub-element technique was used to alleviate the 
boundary-layer effect in this example. Without the use of the technique, numerical 
experiments indicated that the solution would not converge due to the propagation 
of numerical error in the iteration process. 
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Figure 4.1: Stretching of a one-dimensional rubber element and the discretization 
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Table 4.1: Displacement at the end of the rubber element 
Load Linear 1st iter. Analytic BEM FEM 
P solution solution Nonlinear soin. Nonlinear soin. Nonlinear soin. 
0.25 0,25 -0.10156 0.19149 0.19145 0.19157 
0.50 0.50 -0.43750 0.32472 0.32463 0.32472 
0.75 0.75 -1.05469 0.43113 0.43100 0.43114 
1.00 1.00 -2.00000 0.52138 0.52169 0.52137 
1.25 1.25 -3.32031 0.60060 0.60109 0.60059 
1.50 1.50 -5.06250 0.67170 0.67309 0.67170 
1.75 1.75 -7.27344 0.73652 0.73839 0.73652 
2.00 2.00 -10.00000 0.79632 0.79853 0.79632 
2.25 2.25 -13.28900 0.85198 0.85274 0.85198 
2.50 2.50 -17.18750 0.90416 0.90463 0.90416 
Table 4.2: CPU time for Example 1 
Load BEM FEM 
(P) (sec.) (sec.) 
0.25 11.50 2.59 
0.50 13.35 4.07 
0.75 15.79 5.01 
1.00 18.02 6.75 
1.25 18.48 7.27 
1.50 18.50 8.43 
1.75 18.82 9.14 
2.00 29.40 10.22 
2 25 34.93 11.15 
2.50 59.59 12.68 
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Figure 4.2: Comparison among analytic, BEM and FEM solutions for Example 1 
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Figure 4.3: Displacement vs. force after ls< iteration for Example 1 
51 
I 
Legend 
— A nalytic Solution 
Alpha • 0.60 
—— Alpha • 0.78 
Alpha • 0.90 
Iteration number 
Figure 4.4: Convergence rate for various relaxation factors at a fixed load 
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4.2 Uniaxial Tension of a Rubber Sheet (Plane-stress) 
As a second example, a uniform, 12m x 6m, rubber sheet with material prop­
erties E = 1.0 and v = 0.3 and subject to a uniaxial tension T (Figure 4.5) was 
modelled. Four loads, T = 0.25,0.50,0.75 and l.OOpsi, were applied in the one-step 
loading process. Only one half of the sheet is modelled due to symmetry. Three 
progressively refined meshes (see Figure 4.6) were used to compare with the results 
o f  b o t h  l i n e a r  a n d  n o n l i n e a r  s o l u t i o n s .  T h e  X —  a n d  K — d i s p l a c e m e n t  o f  p o i n t  A  
and the X—displacement of point B are listed in Table 4.3 for the comparison. Note 
that the FEM method failed to converge for a traction T > 0.75psi. Consequently, 
an increment of AT = 0.25psi is used to carry out the solution. Figure 4.7 shows 
the initial and final configurations, where a 66 percent elongation is reached. From 
the results, one observes that the two solutions are in good agreement up to the 
third digit. 
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Figure 4.5: Example 2: Uniaxial tension of a rubber sheet 
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Figure 4.6: Discretizations for Example 2 
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Figure 4.7: Initial and final configuration for Example 2 
Table 4.3: Numerical results for the uniaxial tension of a rubber sheet 
Load Linear FEM BEM BEM BEM 
T Solution Nonlinear Nonlinear Nonlinear Nonlinear 
{Psi) (analytic) Solution Solution Solution Solution 
MESH-2.3 MESH-2.1 MESH-2.2 MESH-2.3 
A x-disp. 1.5000 1.1489 1.1482 1.1485 1.1486 
0.25 B x-disp. 1.5000 1.1489 1.1483 1.1485 1.1485 
A y-disp. -0.2250 -0.1952 -0.1947 -0.1952 -0.1950 
A x-disp. 3.0000 1.9483 1.9499 1.9491 1.9494 
0.50 B x-disp. 3.0000 1.9483 1.9499 1.9492 1.9486 
A y-disp. -0.4500 -0.3615 -0.3568 -0.3599 -0.3612 
A x-disp. 4.5000 2.5868 2.5850 2.5835 2.5861 
0.75 B x-disp. 4.5000 2.5868 2.5858 2.5839 2.5862 
A y-disp. -0.6750 -0.5160 -0.5038 -0.5077 -0.5120 
A x-disp. 6.0000 3.1283 3.1256 3.1251 3.1273 
1.00 B x-disp. 6.0000 3.1283 3.1259 3.1231 3.1281 
A y-disp. -0.9000 -0.6653 -0.6300 -0.6526 -0.6607 
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4.3 Expansion of a Thick-wall Cylinder due to an Internal Pressure 
A soft thick-wall cylinder (a = 2.0m and h — l.Oin) subject to an internal 
pressure of P = 0.5psi was chosen as another test (Figure 4.8). The material 
properties are E — 5.0 and u = 0.3. One quarter of the cylinder with three gradually 
refined meshes were modelled and the discretizations are shown in Figure 4.9. The 
first model, MESH-3.1, is coarse with only 15 nodes and 5 cells. The second model, 
MESH-3.2, contains 30 nodes and 9 cells while the third model, MESH-3.3, is refined 
to 52 nodes and 19 cells. 
The linear solutions of this problem was solved by G. Lame and can be found 
in many elasticity texts, e.g., Ugural and Fenster [42] and Murnaghan [1]. As shown 
in Table 4.4, the linear solutions for the .Y—displacements of point .4 and B are 
compared with the analytic solutions and the nonlinear solutions from FEM and 
BEM. It is pointed out that, in the comparison of the linear solutions, the BEM 
solutions from all three meshes agree well with the analytic solution, whereas the 
FEM requires a finer mesh in order to converge. Comparing the BEM and FEM 
nonlinear solutions, it is seen that the BEM solutions of all three meshes agree with 
the finest model of the FEM solution while the FEM solutions from the other coarse 
meshes show some appreciable differences. 
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Figure 4.8: Expansion of a thick-wall cylinder due to internal 
Mesh-3.1 Mesh-3.2 Mesh-3.3 
Figure 4.9: Discretizations for Example 3 
Table 4.4: Inner and Outer wall displacements of the thick-wall cylinder 
X-displacement of point A 
Solution Analytic FEM BEM FEM BEM FEM BEM 
Mesh-3.1 Mesh-3.1 Mesh-3.2 Mesh-3.2 Mesh-3.3 Mesh-3.3 
Linear 0.1907 0.1841 0.1905 0.1837 0.1909 0.1897 0.1907 
Geometrically Not 
Nonlinear Available 0.1662 0.1758 0.1668 0.1761 0.1745 0.1760 
X displacement of point B 
Solution Analytic FEM BEM FEM BEM FEM BEM 
Mesh-3.1 Mesh-3.1 Mesh-3.2 Mesh-3.2 Mesh-3.3 Mesh-3.3 
Linear 0.0858 0.0840 0.0856 0.0844 0.0856 0.0858 0.0858 
Geometrically Not 
Nonlinear Available 0.0715 0.0733 0.0718 0.0735 0.0738 0.0739 
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4.4 Uniaxial Tension of a Square with a Central Hole (Plane-strain) 
The fourth example is that of a uniaxial tension of a square with a large central 
hole (Figure 4.10) and was chosen to represent a severe test of the nonlinear algo­
rithm, since the stress field varies significantly over the domain. Due to symmetry, 
only one quarter of the plate is modelled as shown in Figure 4.11. The dimen­
sions of the plate are 4m x 4in and the diameter of the hole is d = 2in. Material 
properties are taken as £• = 30 x 10^ and u = 0.495 while again, plane-strain is 
assumed. Solutions for progressively increasing load, ranging from SOpsz to SOOpsi 
in the -Y—direction, were determined and increments of AT = oOpsi were required 
in the FEM solution to obtain convergence. Two meshes (MESH-4.1 and MESH-4.2 
in Figure 4.12) are used in the FEM analysis and only the coarse model (MESH-
4.1) is analyzed by the BEM technique. The linear and nonlinear solutions for the 
-Y—displacement of point A were chosen as criteria of comparison. 
As shown in Table 4.5, the solutions from the MESH-4.1 of BEM agree with the 
solutions of the finer mesh (MESH-4.2) of FEM, while the solutions of the coarse 
mesh (MESH-4.1) of FEM deviated from those results. In this example, there is 
about an eight percent difference in displacements between linear and nonlinear 
solutions at T = 300psi. 
Also for this example, various BEM discretizations were analyzed to determine 
the BEM solution sensitivity to mesh refinement. Three meshes (MESH-4.3, MESH-
4.4 and MESH-4.5 in Figure 4.13) were used for the numerical experiment and the 
linear and nonlinear solutions for the .Y—displacement of point A are listed in Table 
4.6. It may be observed that the BEM solution from MESH-4.5 is very close to that 
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Figure 4.10: Uniaxial tension of a square plate with a large central hole 
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Figure 4.11: One quarter model of Example 4 
Table 4.5: Displacement results for the square with a central hole 
X-displacement of point A (inch) 
Uniform Linear Linear Linear Nonlinear Nonlinear Nonlinear 
traction FEM FEM BEM FEM FEM BEM 
T Solution Solution Solution Solution Solution Solution 
(Psi) Mesh-4.1 Mesh-4.2 Mesh-4.1 Mesh-4.1 Mesh-4.2 Mesh-4.1 
50 0.00940 0.00969 0.00978 0.00928 0.00956 0.00962 
100 0.01880 0.01938 0.01956 0.01832 0.01886 0.01895 
150 0.02820 0.02908 0.02933 0.02713 0.02791 0.02802 
200 0.03760 0.03877 0.03911 0.03574 0.03674 0.03685 
250 0.04699 0.04846 0.04889 0.04415 0.04535 0.04593 
300 0.05639 0.05815 0,05867 0.05237 0.05376 0.05377 
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MESH-4.1 
MESH-4.2 
Figure 4.12: FEM and BEM discretizations for Example 4 
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Table 4.6: Displacement results by the BEM for various discretizations 
X-displacement of point A (inch) 
Uniform Linear Linear Linear Nonlinear Nonlinear Nonlinear 
traction BEM BEM BEM BEM BEM BEM 
T Solution Solution Solution Solution Solution Solution 
{Psi) Mesh-4.3 Mesh-4.4 Mesh-4.5 Mesh-4.3 Mesh-4.4 Mesh-4.5 
50 0.00838 0.00878 0.00954 0.00825 0.00869 0.00932 
100 0.01676 0.01757 0.01908 0.01662 0.01740 0.01809 
150 0.02514 0.02635 0.02863 0.02382 0.02528 0.02640 
200 0.03352 0.03514 0.03817 0.03025 0.03156 0.03397 
250 0.04190 0.04392 0.04771 0.03853 0.03946 0.04117 
300 0.05028 0.05270 0.05725 0.04628 0.04867 0.05257 
from MESH-4.1, whereas there is an appreciable deviation between the solution from 
MESH-4.1 and that from MESH-4.3 and MESH-4.4. From these BEM results, one 
may conclude that mesh refinement does provide better solutions in BEM approach. 
In addition, the stress distribution along the line -Y = 0 is plotted in Figure 4.14 
for the comparison. For an applied traction of T" = 300p5i, these stresses are 
obtained directly from BEM solution vector {x}, whereas, from the FEM analysis, 
they are determined at the element integration points. It is observed from the figure 
that the stress curves are in good agreement, with the largest difference occurring 
near the hole, i.e., where the F—coordinate is close to 1. It is noted that in that 
particular region there is about an eight percent difference between the finest BEM 
solution (Mesh-4.1) and FEM solution (Mesh-4.2). 
Sensitivity of the FEM analysis to element integration order was determined 
by using both a 2 x 2 and 3x3 quadrature rule. Numerical results indicate that the 
variation is very small with only a 0.16 percent of difference. The stress distribution 
for this 2x2 integration order is also included in Figure 4.14. 
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MESH-4.3 
MESH-4.4 
MESH-4.5 
Figure 4.13: Various BEM discretizations for Example 4 
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Figure 4.14: Stress distribution along vertical centerline 
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4.5 Bending of a cantilever beam with a uniformly distributed load 
As a last example, bending of a 8in x 2in cantilever beam with a uniformly 
distributed load was chosen to represent another severe test of the nonlinear al­
gorithm as shown in Figure 4.15. From linear beam theory, it is known that the 
stress field varies over the whole domain. Again, plane-strain is considered and pro­
gressively refined meshes are used in a convergence test. Four FEM and two BEM 
meshes are shown in Figure 4.16. Material properties given are E = SOOpaz and 
u = 0.3. The beam is subjected to a uniformly distributed upward load T = QApsi 
and the F—displacement of point A is chosen as a criterion for the comparison. 
An incremental load of A = O.lpai was required in the FEM analysis to achieve a 
convergent solution. The linear solutions are shown in Table 4.7 and Figure 4.17 
and the nonlinear results are shown in Table 4.8 and Figure 4.18. Integration orders 
of 2 X 2 and 3x3 were used in the FEM nonlinear analysis. 
It can be seen that the difference of the solutions between the finest models 
of BEM and FEM are less than 0.25 percent in both linear and nonlinear analysis, 
while in the coarse models some differences can be seen. This is further evidence 
that mesh refinement can provide better linear and nonlinear solutions for both 
FEM and BEM analysis. In comparing convergence rates, the BEM is much slower 
than the FEM for this example, even though a large relaxation factor a was used. 
This is because the stiffness matrix in the FEM is updated at each iteration while 
the system matrices remain constant in the BEM. Note that the difference in the 
displacements between FEM linear solution and the solution from elementary beam 
theory is about 3 percent. This difference may possibly be due to the warping effect 
which is not considered in linear beam theory. 
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u = 0.3 
Figure 4.15: Bending of a cantilever with a uniformly distributed load 
Table 4.7: Linear displacements vs. number of interior cells 
Y-displacement of point A 
FEM FEM -FEM FEM BEM BEM 
Mesh-5.1 Mesh-5.2 Mesh-5.3 Mesh-5.4 Mesh-5.5 Mesh-5.6 
0.5664 0.5893 0.5929 0.5950 0.6056 0.6024 
Table 4.8: Nonlinear displacements vs. number of interior cells 
Y-displacement of point A 
Integration FEM FEM FEM FEM BEM BEM 
Order Mesh-5.1 Mesh-5.2 Mesh-5.3 Mesh-5.4 Mesh-5.5 Mesh-5.6 
( 2 x 2 )  0.5490 0.5700 0.5729 0.5753 
( 3 x 3 )  0.5456 0.5683 0.5718 0.5740 
0.5773 0.5754 
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Mesh-5.1(FEM) 
Mesh-5.2 (FEM) 
Mesh-5.3(FEM) 
Mesh-5.4(FEM) 
Mesh-5.5(BEM) 
Mesh-5.6(BEM) 
Figure 4.16: FEM and BEM discretizations for Example 5 
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Figure 4.17: Linear displacement vs. number of cells 
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5 DISCUSSION 
The solution of geometrically nonlinear problems by the boundary element 
method has been investigated by several researchers by employing straight-line 
boundary elements and interior triangular cells. A disadvantage of using these 
elements and cells is that curved geometries can not be modelled properly. The 
major reason for using the straight-line element is that it saves computation time 
in obtaining the domain variables on each cell. However, if the field variables vary 
significantly over the domain, a fine discretization is required, which makes the 
analysis impractical and less economical. By the present technique, the displace­
ments are determined at the nodes of the interior cells and the derivative variables 
are interpolated by a finite element procedure through the use of a 6-node trian­
gular cell. With this higher order element or cell, the domain variables are better 
approximated and only the displacements need to be directly calculated. 
The deformation gradients and stresses obtained from the interpolation tech­
nique produces discontinuities across inter-element boundaries as occurs in the stress 
field of FEM. This lack of continuity, in general, reduces the accuracy of the results 
compared to those obtained by direct differentiation of the interior displacement 
identity, which would provide a continuous stress field. However, a potential saving 
of computational time and the problem of integrating the higher order singularity 
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on the interior cell is circumvented by the method of this thesis. 
It has also been shown that it is difficult to obtain correct numerical calculation 
of interior displacements near the boundary of the domain by the current boundary 
formulation, due to the order of kernel in the integral representation. As the 
distance of the r between the interior point and the boundary becomes smaller, the 
nearly singular integral is difficult to accurately integrate. Numerical experiments 
indicated that this must be carefully resolved to effectively implement the present 
technique. A sub-element scheme has been devised and shown to produce good 
numerical results for several illustrative examples and was used in the interior dis­
placement calculation. Moreover, the same concept can be extended and used to 
improve the calculation of interior stress. 
Through a total Lagrangian formulation, the coefficient matrices [U] and [T], 
the coordinates and Jacobian for integration over each cell and boundary remain 
constant during the iteration process. These matrices and values can be stored in 
computer memory and retrieved at each iterative step. Consequently, the compu­
tation time is significantly reduced. 
In application to highly nonlinear problems like bending, the FEM has a dis­
tinct advantage over the proposed BEM technique. The reason in favor of the FEM 
is that the tangent stiffness matrix is updated at each iterative step, while it is a 
constant matrix in the BEM as a result of the total Lagrangian formulation. 
In terms of efficiency, the distinct advantage of the BEM over the FEM for linear 
problems is not retained for the nonlinear problem. One major reason for this is 
that domain discretization becomes necessary due to the presence of the kinematic 
nonlinear!ty, where the displacement gradients and the 2nd Piola-Kirchhoff stresses 
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in the domain need to be included. Iteration is required to achieve a solution for 
the equilibrium configuration and at each iterative step, the displacements on the 
boundary and interior nodes need to be recalculated. These include integration 
over the whole domain for each individual node. Thus, the required computational 
effort of the BEM, compared with the FEM, becomes significantly greater. 
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6 CONCLUSIONS 
A technique of using a BEM formulation with a FEM-like interpolation process 
to handle the domain terms has been implemented and demonstrated for problems 
involving geometric nonlinearities. The process of solving geometrically nonlinear 
problems has been simplified significantly, since the dimensionality of the problem is 
reduced by using the BEM formulation, and the numerical difficulties of dealing with 
higher order singularity of the kernels are removed by the use of FEM interpolation. 
In conjunction with the technique, a sub-element scheme was introduced to 
eliminate the boundary-layer effect in the calculation of interior displacement near 
the boundary. Successful numerical results have been achieved. For the example 
problems considered, the computation time required for the new method still ex­
ceeds that required by the FEM, but further work and better implementations may 
improve the numerical efficiency. 
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